Analytic predictions of mean velocity profile (MVP) and streamwise (x) development of related integral quantities are presented for flows in channel and turbulent boundary layer (TBL), based on a symmetry analysis of eddy length and total stress. Specific predictions are the friction velocity u τ : U e /u τ ≈ 2.22 ln Re x + 2.86 − 3.83 ln(ln Re x ); the boundary layer thickness δ e : x/δ e ≈ 7. 27 
Planar turbulent boundary layer (channel and TBL) is a canonical wall-bounded flow of significant theoretical and practical interests [1] . It is widely seen in the atmospheric flows near the ground, or the flows over the surface of a vessel, or the wings of an aircraft, etc. [2] . Common to all these flows is a thin-layer close to the wall -named turbulent boundary layer [3] -where most of flow momentums and energies are dissipated by viscous drag and turbulent fluctuations. The latter two effects have been studied since Reynolds [4] , using the ensemble averaged Navier-Stokes equation:
where U is the streamwise mean velocity, u ′ and v ′ are streamwise and normal fluctuating velocity, respectively, ν the molecular viscosity and τ the total stress representing the driving force (defined later). This equation is unclosed in the presence of fluctuating velocities, and the long-standing question is how to predict U for all Reynolds numbers, and then the streamwise development of other relevant quantities (including the friction coefficient) [1] . Until today, it is still a vivid challenge to theorists [5] , despite over a century's effort since the seminar work of Prandtl in 1904 proposing the concept of the boundary layer [3] .
In modern analysis, the difficulty of the problem is particularly attributed to the interplay of two different characteristic scales [6] . Denote S = ∂ y U, the mean shear, W = − u ′ v ′ the turbulent Reynolds shear stress. When the leading balance of (1) is between νS and τ, which occurs in the inner flow region close to the wall, the friction velocity (u τ = √ τ w , τ w the wall stress) and viscous length (ℓ ν = ν/u τ ) define the correct scales exhibiting data collapse of U at different Re's, known as the law of wall. However, for outer flow (ℓ ν ≪ y ≤ δ e , δ e the boundary layer thickness commonly set as δ 99 ) where νS ≪ W, choosing u τ or U e (freestream velocity) as the velocity scale would respectively lead to log law [7] or power law [8, 9] description of U in an intermediate overlap region for asymptotically large Re's. The debate between the two proposals continues to attract attention [5] , for both allow a satisfactory description of data in their restricted flow regions. On the other hands, more empirical approaches [10, 11] introduce composite formulas describing the mean velocity for the entire domain, but with many free parameters of purely fitting. In short, analytic approach with clear physical picture and testable assumptions is missing, leaving important questions as the universality of Karman constant, and effects of geometry (internal versus external flows) unaddressed.
Here, we propose a symmetry-based approach yielding a closure solution for the mean momentum and kinetic energy equations. Our analysis begins with an symmetry analysis of a characteristic length of energy containing eddy, which enables a prediction of its functional form. It also quantifies the geometry difference between channel and TBL, through different approximations of kinetic energy equation as well as the total stress, thus going beyond a recent theory of channel by L'vov et al. [12] (here refer to as LPR). The predicted mean velocity covers the entire outer flow domain; and in the case of TBL, the streamwise development of a series of global quantities, i.e. friction coefficient, shape factor, boundary layer and momentum thicknesses, are predicted, agreeing well with data. Compared to previous Pades approximations [11] (here refer to as MCN) and multilayer models [10] , the current theory involves only three parameters for TBL (and for channel), which are Re-independent; in particular, the Karman constant κ ≈ 0.45 is remarkably universal in channel and TBL (also applied to pipes [13] ). The result resolves the debate on the scaling of mean velocity, in favor of the log law, with corrections beyond the leading order in 1/ ln Re τ .
For the flow over a flat plate (0 ≤ x ≤ ∞ and y = 0), the Navier-Stokes-Prandtl equations read:
where V the mean vertical velocity (zero in channel) and ∂ x P the mean pressure gradient (zero in TBL). Integrating (3) in y yields (1), where for channel τ = u 2 τ r ′ (r ′ = r/δ e and r = δ e − y; δ e the half height of a channel), and for TBL τ = u (U∂ x U + V∂ y ′ U)dy ′ . Substituting (2) into (3) and integrating the latter from 0 to δ e , one obtains the von Karman's integral momentum equation for TBL:
where θ = δ e 0 U/U e (1 − U/U e )dy is the momentum thickness, and C f = 2u 2 τ /U 2 e is the friction coefficient (here we set zero S and W for y ≥ δ e ). Moreover, the turbulent kinetic energy is described by the mean kinetic energy equation, i.e.
where P = S W is the production; Π represents the spatial energy transfer (including diffusion, convection and fluctuation transport); ε is the viscous dissipation. Note that (1) and (5) describe the two fundamental processes in the flow, i.e. momentum and energy transports, respectively; and (4) characterizes the streamwise scaling of friction coefficient for TBL. We now construct a closure solution as below.
Note that according to (5) , ε should be determined by S and W, and a characteristic length ℓ describing the effects of spatial energy transfer Π. Thus, a dimensional argument yields
where n is an arbitrary real number. Note that as n → ∞, the dissipation drops out, and the resulting length becomes the classical mixing length of Prandtl [3] : ℓ ∞ = √ W/S . Furthermore, for a channel flow, S ∝ r due to the central mirror symmetry, and (1) can be approximated to W ≈ τ ∝ r. Meanwhile, ε tends to ε 0 > 0 as r → 0. Thus, (6) yields ℓ ∝ r 
This length recovers the crucial scaling function in the LPR model [12] without involving any wall function. For TBL, although there is no central symmetry by the opposite wall, ℓ ε can still be defined in the same way as in channel by setting n = 4 in (6). A notable fact is that, the ratio between ℓ ε and any other length of different n in (6) is exactly related to the dissipation production ratio,
n , Interestingly, when Θ ≈ 1 corresponding to the well-known quasi-balance regime (QBR), all lengths reduce to a single one, namely ℓ ε . For TBL, QBR extends from the wall (above the buffer layer) to the boundary layer edge. In contrast, for channel, near the centerline (where we call the core layer), Θ ∝ r −2 , and all lengths are different. A simple matching argument can derive an expression for Θ, valid from QBR to central core. Assume Θ ≈ c/r ′2 as r ′ → 0, where c is a dimensionless coefficient. To match Θ → 1 as r ′ → 1, a composite expression is Θ = 1 + c/r ′2 − c, which can be rewritten as
where r c = √ c/(1 − c) indicates the thickness of the core layer (given later). A variant of (8) is for the spatial energy transfer in (5) , that is Π = P(Θ − 1) ∝ (1 − r ′2 ). The parabolic form stems from the simplest expansion at r = 0 in the presence of the central mirror symmetry, namely, ∂ r Π = 0. Hence, (8) is a reasonable approximation, which solves (5) . Note that (8) also applies to TBL, where r ′ = δ e − y the distance to the boundary layer edge, and r c = 0 (hence Θ ≡ 1).
An interpretation of ℓ ε is inspired by the fact that ℓ ε can also be expressed in terms of the eddy viscosity ν t = W/S , i.e. ℓ ε = ν 3/4 t /ε 1/4 , which can be contrasted to the Kolmogorov dissipation length η = ν 3/4 /ε 1/4 . Since η represents the scale of the smallest eddies dissipating energy, we interpret ℓ ε to correspond to the energy containing eddies initiating the energy transfer from the mean shear to turbulence. Now, we develop a symmetry argument to derive the functional form of ℓ ε and τ. It consists in postulating a scaling form originated from a dilation invariance in the direction normal to the wall. The key element is the dilation center, or the fixed point for dilation transformation group, which is located at r = 0 for ℓ ε where ℓ ε = ℓ max ε = ℓ 0 , and at y = 0 for τ where τ = τ max = τ w . In both cases, we assume that the dilation invariant form is dℓ ε /dr ∝ r α and dτ/dy ∝ y β , since dℓ ε /dr = 0 at r ′ = 0 and dτ/dy = 0 at y = 0. For ℓ ε , the boundary condition at the wall, i.e. ℓ ε = 0 at r ′ = 1, yields a defect power law form: ℓ ε /ℓ 0 = 1 − r ′m , with m = α + 1 a free parameter characterizing the scaling for the bulk flow. Presently, we set m = 4, whose rationality will be discussed elsewhere. Note that close to the wall (r ′ → 1), 1−r ′4 ≈ 4y/δ e and ℓ ε ≈ 4y(ℓ 0 /δ e ). The latter is consistent with the recent studies that the scale of large eddies is proportional to the wall distance [14] . Denoting 4ℓ 0 /δ e = κ (so that ℓ ε ≈ κy when r ′ → 1), the form of ℓ ε is finally:
We emphasize that (9) applies to both channel and TBL under the same planar wall condition. Similarly, for τ, we obtain
where γ = 1 + β is also an exponent to be determined. For channel, we have an exact result: τ = τ w r ′ , hence (10) is rigorous with γ = 1. For TBL, it has been noticed that γ 1 [15] . Here, we argue that γ > 1, as it would signify a larger magnitude of the Reynolds stress (since W ≈ τ), hence also a larger turbulent production (S W) as observed by Jimenez et al. [16] . Inspecting DNS data [17] , we propose an empirical γ = 3/2 for TBL, which keeps invariant for all Re's.
Substituting Θ = ε/(S W) into (7) yields S = √ W/(ℓ ε Θ 1/4 ). Integrating S in r and using W ≈ τ, one has
Substituting (8), (9) and (10) into (11) yields:
where [11] . Profiles are vertically staggered for clarity. Channel: all data from [18] ; TBL: Re τ = 4000, 5100, 7000 from [19] ; 10023 from [15] ; 23000 from [20] ).
This linear relation is indeed validated with high accuracy (Fig.1 left) , where r c = 0 and γ = 3/2 (empirical) for TBL, while r c = 0.37 (empirical) with γ ≡ 1 for channel. Note that κ = 0.45 (empirical) is universal in both flows, as indicated by the linear slope. Also included are κ = 0.40 and κ = 0.38, showing notable departure away from data.
Note that (12) immediately yields a prediction of the mean velocity:
Comparisons with data (with known empirical U + e ) show impressive agreement, as seen in Fig.1 . The relative errors are bounded within 1 ∼ 2%, at the same level as the data uncertainty. The current description is as simple as the LPR (for channel) and much simpler than the MCN (for TBL involving over ten free parameters), but with comparable if not better accuracy. Note also that the good description extends up to y + b = u τ y b /ν ≈ 50 (the buffer layer thickness), which corresponds to the breakdown of the quasi-balance condition near the wall (discussed elsewhere).
The theory can predict streamwise development for relevant integral quantities in TBL. Three mean quantities are estimated as a preparatory: U e , U = 
Here, superscript + indicates normalization with u τ , and B e ≈ 9.04 is a constant involving wall function calculation discussed elsewhere, while c 1 = κ
27 is theoretically determined (see the Appendix). Comparison of (13) with data are illustrated in Fig.2 (left) showing good agreement. Note that (13) implies that the familiar shape factor H ≡ 1, since the displacement thickness is defined by δ * ≡
The higher order correction to (13) and H is discussed in the Appendix.
A new prediction is the ratio between the momentum thickness Re (Re θ = θU e /ν) and the friction velocity Re (Re τ = δ e u τ /ν) at the same x (distance to the leading edge of a TBL). Substituting (13) into (14), we obtain
We can then connect Re θ (and Re τ ) with the streamwise Re (Re x = U e x/ν), using (14) . Note that (4) indicates
e , which, by noting U + e ≈ κ −1 ln(Re θ /α) + B e and integrating in Re θ (or U + e ) (dropping a higher order term), leads to:
Compare to the MCN formula [11] : Re x /Re θ = 6.7817ln 2 Re θ +3.6241 ln Re θ +44.2971 +50.5521/ lnRe θ +..., (15) is much simpler (Fig. 2 right) , and the coefficients are completely determined by three parameters (κ, α and B e ).
Perhaps the most interesting prediction is the streamwise development of u τ . According to (13) , ln Re τ = κU e /u τ − κB e . Since Re θ = αRe τ = α exp(κU e /u τ − κB e ), (15) thus further yields a useful relation:
Taking the logarithmic of (16) 
where the coefficient (-3.83) for ln(ln Re x ) term is obtained using an exact solution of (16): U e /u τ ≈ 42 at Re x = 10 10 . Fig.2 (right) shows (17) (16) and (17)) (arrows depict the order of Re τ ).
[Right] The ratio of 10 3 Re θ /Re x (up panel) and x/δ e (bottom panel), as a function of Re x . In all panels, ⋆ are DNS data from [17] ; all others are EXP data, i.e. △ from [15] , from [19] , ⊲ from [20] , from [21] , ⊳ from [22] , ♦ from Fig. 8 of [11] .
The streamwise growth of the boundary layer thickness is derived similarly. From (14) , δ e /θ = U + e /α ≈ 0.68 ln Re τ + 2.76. Furthermore, using (15) and (17), we obtain
by neglecting the highest order term (2/(κ 2 U + e )). This full analytic prediction is made for the first time, after Blasius's similar result (x/δ e ≈ 0.2Re 1/2 x ) for a laminar boundary layer. The agreement between data and (18) is generally good, within uncertainty in the definition of the leading edge of a TBL due to the tripping force which introduces different virtual origins (shifting the location of x = 0) among different data sets in the calculation of Re x [11] , an issue to be explored in future.
Finally, the scaling of the vertical velocity at the boundary layer edge (V e ) can also be predicted. Since V e = − δ e 0 ∂ x Udy = U e (dδ * /dx) from (2), and δ * = δ e (1 −
+ e from (13), one has (using (17) and (18)):
in contrast to V e /U e ∝ Re −1/2 x in a laminar boundary layer. In summary, a complete analytic theory for streamwise development of mean quantities (u τ , δ e , θ . . .) in TBL is presented, agreeing well with data. The difference between internal channel and external TBL is quantified, and the Karman constant is remarkably universal in the two flows.
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Appendix. Note that U Here, we let B e = 9.04 to fit all data in figure 2 (left), which is the only fitting parameter to yield (13) .
